
Sustainable Development Sustainable Development

Exercises: Brief answers1

1. Megafaunal extinction

Sorry, no written answers available for these questions yet.

2. Solow

2.1. The first three parts of this question are standard. Check notes and literature. Part
(d) is a bit tricky though. Denote total factor productivity(TFP) byA, so that we can
write Y = AF(K,L) whereF is CRS inK andL. And assume thatA grows at a constant
exogenous rate. Then if the savings rate is constant the economy converges to a balanced
growth path on which bothY andK grow at the same rate asA. But to prove this is
beyond the scope of the course.

2.2. (a) A1−α = 0.5, δ = 0.1, s = 0.2.
(b) 1.
(c) The relative shares ofK andL are fixed atα/(1−α).
(d) It makes no difference in the model.

2.3. (a) Technological progress.
(b) What drives technological progress?
(c) In long run, and when shifts between different types of product are known to be

important. For instance in the case of resource or energy use.

3. DHSS

3.1. Check notes and literature for part (a), the answer being that I extract everything if
the resource price is growing more slowly than money in the bank, and nothing if the
resource price is growing faster than money in the bank; if the resource price grows at
the same rate as money in the bank then I am indifferent between extracting now and
extracting later. Part (b) is tricky. By setting up the Lagrangian and solving we find that

wrt+1/wrt = 1/β = 1+ρ ,

whereρ is the interest rate per period. How is this related to the answer to (a)? After
all, the price path and the interest rate are both exogenous,not affected by my extraction
rate! The answer is that the equation is a necessary condition for the existence of a non-
corner solution to my extraction problem. If it doesn’t holdthen the first-order condition
cannot hold, implying that we must have a corner solution with either zero extraction or
extracting everything in one go. And we still need the intuition from part (a) to complete
the solution. To answer part (c) you must show that if the resource price is expected
to rise ‘too steeply’ then no resource holders will sell, causing a jump up in the current
price and thus reducing the expected rate of increase over time. Similarly, if the resource
price is expected to rise ‘too slowly’ then all resource holders will try to sell their entire
holdings, causing a jump down in the price and raising the expected rate of increase. In
equilibrium the expected rate of increase must be ‘just right’, i.e. wrt+1/wrt = 1+ρ .

1Note that I just give very brief answers here for you to check against. Explanation and calculation is required in
the exam!
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3.2. Check lecture notes. Resources are available in a fixed,known, finite quantity, with
zero extraction costs. Regarding their role in the production function, the elasticity of
substitution between resources and other inputs is 1. If theresource share is small, this
implies that changes in the quantity of resource inputs makevery little difference to the
quantity of production. Perhaps resources could be some kind of energy input; they are
necessary, but resource use per unit of production can approach zero. They seem to be,
in some sense, ‘waste’, i.e. not incorporated in the final product.

3.3. For part (a), note that if resource use is declining at a fixed rateθ then we can write

Rt = R0e−θt .

Integrate this between 0 and∞ to show that

θ = R0/S

if the resource is to be asymptotically exhausted. For part (b) note that we can write
K̇ = sY , henceK̇/K = sY/K. For the final part, the answer is

gY =
1−α −β

1−α
gA −

β
1−α

θ .

3.4. (a) WriteY −C = sY on balanced growth, and then find expression forK̇/K . . .
(b) Differentiate the production function w.r.t. time and then use the answer to part (a)

to show that

Ẏ/Y =
1−α −β

1−α
(gA + n).

Finally, sinceY = yL thenẎ/Y = ẏ/y+ n, hence

ẏ/y =
1−α −β

1−α
gA −

β
1−α

n.

(c) If y is constant then

1−α −β
1−α

gA =
β

1−α
n,

hence n =
1−α −β

β
gA.

This implies that—given reasonable values for the parameters—a slow rate of
technological progress allows a rather rapid rate of population growth.

(d) To enrich the model further we could make growth inAL endogenous (endogenous
growth), and also the saving rates (Ramsey).

(e) When population growth stops then we have

gy = gY =
1−α −β

1−α
gA.

(f) The fact that there is a fixed quantity of land puts a small penalty on the growth
rate that can be achieved, compared to a situation in which land is unlimited so
β = 0.

3.5. Here we aren’t told anything about resource prices. Therefore you should state what
you assume. In the spirit of the ‘Limits’ model we assume thatthey are free. So we
have growth based on increasing labour productivity, and resources get ‘sucked in’ due
to the Leontief production function and the fact thatAR either doesn’t grow at all, or
(when it grows) the growth rate declines over time. At some point the stock runs out
and the economy crashes. Concerning the views of the critics, refer to the literature.

3.6. No. ‘Their’ model is based on capital accumulation and does not allow us to better
understand or test the strength of the three mechanisms given.

3.7. Check lecture notes. The key ones are ‘depth’, technology and wages. The effects of
the latter two tend to cancel each other out.

3.8. (a) px = αy/x.
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(b) The expressions are:

ẋ/x = θax −θbx,

ṗx/px = ẏ/y− ẋ/x,

and ẏ/y = (1−α)θax +α ẋ/x.

(c) In the primitive economybx is constant because the extraction rate is very low.
Furthermore we are told thatθax = θay. So we have

ẋ/x = θax,

ṗx/px = 0,

and ẏ/y = θax.

Over time the extraction rate increases, andbx can no longer be assumed to be
constant. That is, the economy leaves the initial b.g.p.

(d) It should look something like the following figure.

ln
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le

time

price
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GDP

(e) When the resource is close to exhaustion and there are no substitutes then extrac-
tion costs become irrelevant and scarcity takes over. That is, the price rises at the
discount rate, and resource use declines exponentially towards zero:

ṗx/px = ρ .

4. Resource demand and pollution: Solow’s three mechanisms

4.1. (a) Y = [(ALL)ε +(ARR)ε ]1/ε . The parameterε must be negative.
(b) Labour: Workers.

Resource: Tons / day.
AL: Widgets/(worker·day).
AR: Widgets/ton.

(c) Relative factor shares:wLL/(wRR) = [ALL/(ARR)]ε .
4.2. (a) 91 houses per week total, 0.91 per capita.

(b) Hmm. Now it’s 909. Seems like rather a lot . . .
(c) In the first casewa = 0.826,wb = 0.826, andwaQa/(wbQb) = 10.

In the second casewa = 0.826,wb = 82.646, andwaQa/(wbQb) = 0.1.
(d) The rate of housebuilding doubles, with input quantities and relative prices con-

stant. SoKa andKb are both doubled.
4.3. The Lagrangian should look something like this:

L=pyt [(kltqlt)
ε +(krtqrt)

ε ]1/ε −wz(zlt + zrt)− (wltqlt +wrtqrt)

−λlt(klt − ζlklt−1zφ
lt)−λrt(krt − ζrkrt−1zφ

rt).

You should find thatzl/zr = wlql/(wrqr). Sinceε < 0 there is a stable b.g.p., along
which the factor shares are such thatzl/zr =wlql/(wrqr) = (ζr/ζl)

1/φ . So sustainability
under resource constraints is no problem, a bit like in DHSS.In DHSS you get sustain-
ability by investing in capital, here you get it by investingin knowledge. In both cases
very optimistic assumptions are made about the long-run returns to such investment.
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4.4. (a) The first thing to get a grip on here is the rebound effect in general. Assume that
energy efficiency in production of good 1 increases by 1 percent. If there is no
rebound (i.e. no reallocation of labour between goods 1 and 2) then energy use in
production of good 1 will go down by 1 percent, whereas energyuse in production
of good 2 will be unchanged. The percentage drop in total energy useR will then
be

r1

R
=

r1

r1+ r2
.

So if ηr =−r1/(r1+ r2) then there is no rebound effect.
Next note that in cases (i)–(iv) we have the following: (i) norebound; (ii) no
rebound; (iii) negative rebound; (iv) positive rebound. The reasons are as follows:
(i) no reallocation of labour; (ii) there is a reallocation of labour, but it makes no
difference as the products are equally energy-intensive; (iii) reallocation towards
low-energy products, therefore negative rebound; (iv) reallocation towards energy-
intensive products, therefore positive rebound.

(b) Since we know that many products use energy, and that energy typically accounts
for anything from 1 to 15 percent of factor costs, we know thatrebound effects of
energy-saving technological progress may commonly be either negative or posi-
tive, with progress on product categories which are alreadyof low energy intensity
leading to negative rebound. On the other hand, progress on product categories of
high energy intensity may lead to more rebound. But note of course that the latter
type of product may account for much more energy use.
Regarding policy, given the complex results described above, a careful study of
each case is needed to judge the overall effects of policy to boost energy-efficiency
in a given product or set of products.

4.5. (a) You should find that unit costs, and hence the pricepy, is given by

py =
wl

Al
+

we

Ae
.

(b) From the demand function andY = AeE we have

E = α p−η
y /Ae =

α
Ae

(

wl

Al
+

we

Ae

)−η

(c) For simplicity let’s assume thatη = 1, as given at the start of the question. Then
we have

E = α
(

wlAe

Al
+we

)−1

,

and the elasticities are

ηAe =−

wl Ae
Al

wlAe
Al

+we
and ηwe =−

we
wlAe

Al
+we

(d) The elasticities are−5/6 and−1/6. So energy demand is more sensitive to energy
efficiency than it is to the price of energy. (Why is this, intuitively? It has to
do with the factor share of energy . . . ) On the other hand, it may be easy for a
regulator to raise the price of energy, but very hard to raiseenergy efficiency. And,
of course, a rise in the energy price may be required on efficiency grounds (i.e. a
Pigovian tax).

(e) In the long run demand elasticity is likely to be greater,as effects build up over
time, thus reducing the effect energy-efficiency improvements (because of greater
rebound) and increasing the effect of energy-price increases. Furthermore, an
energy-price increase should lead to energy-efficiency increases over time.

4.6. For (a), the production functions from question 3.3 would do fine, with adjusted no-
tation. For (b), note firstly thatD is cheaper, hence it is preferred toC. Furthermore,
its knowledge is also easier to build through research. Hence D has an unambiguous
advantage overC, and (if prices are exogenous and fixed) onlyD will be used. (c) The
regulator, in order to encourage a switch fromD to C, must make a one-time interven-
tion to makeC more attractive thanD; Once firms preferC, investment will go that way,
andC will remain dominant.
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4.7. (a) plL/(prR) = α/(1−α).
(b) wlL/(wrR) = α/(1−α).
(c) wcC/(wdD) = (C/D)ε = (wc/wd)

−ε/(1−ε).
(d) C enters the market and takes a share in accordance with its relative price (or

quantity if that is the exogenous variable.
(e) Fits reasonably well, although the instant adaptation is of course oversimplified.

At least, that’s my story.
(f) Short-run policy to favour renewables will never be enough. (Compare to Ace-

mogluet al 2012.)
4.8. Examples of possible functions . . .

(a) Y = [(klql)
ε +(krqr)

ε ]1/ε .
(b) Y = min{klql , [(kcqc)

ε +(kdqd)
ε ]1/ε}.

(c) Y = (klql)
αY 1−α

R ; YR = [(kcqc)
ε +(kdqd)

ε ]1/ε .

5. Pollution

5.1. The difference is caused by a number of factors. On the ‘resource’ side it is simple: re-
source prices have remained remarkably constant, as increasing productivity of extrac-
tion inputs is approximately matched by increases in the prices of those inputs (which
is not surprising since the productivity of those inputs also increases in other parts of
the economy) while increasing depth (or decreasing quality) of the marginal resource
deposits has had little effect on the price.

The ‘pollution’ side is more complex, because the costs of emitting pollution are
twofold: firstly, the costs of buying the input that gives rise to the polluting emissions,
and second the cost of paying for Pigovian taxes (or costs imposed due to other regu-
latory instruments; for instance a ban on emitting a pollutant corresponds to an infinite
unit cost of emissions). The former cost is constant, whereas the latter rises as a function
of GDP (the higher is GDP, the higher is the willingness to payto avoid suffering a given
level of pollution). As long as the latter cost is small relative to the former, polluting
emissions will behave like resource use. But when the latterbecomes large compared to
the former the overall cost of polluting starts to rise, and polluting emissions are braked.

This explains why polluting emissions might level off, but why would they fall so
steeply? This will happen if the price rise makes some other production process (which
uses a different input, or involves end-of-pipe cleanup of the pollutant) becomes cheaper
than the polluting process. At this point polluting emissions fall rapidly to a new level,
which is determined by how clean (or polluting) the new process is.

5.2. (a,b) The marginal costs are input costs plus damages:

MC1 = w1+ψ(ALL)1−α Rα ;

MC2 = w1(1+ γ).

(c) The marginal benefits are identical for the two inputs:

MB1 = MB2 = αY/R.

(d) The condition is

w1γ/ψ = (ALL)1−α Rα ,

and it implies that asAL andL grow (also causingX1 and henceR to grow) there
comes a point when it is better to use inputX2 instead ofX1.

(e) If the economy is optimally regulated thenR will initially be produced usingX1,
and X1 (and also pollution flows) will grow at a high rate (close to the overall
growth rate). As GDP increases, pollution damages become significant, and brake
the growth inX1 somewhat (this could be through the use of a Pigovian tax, for
instance). Then, when the condition above is fulfilled, the tax becomes so high
that the economy switches totally to inputX2. (Alternatively, inputX1 is banned.)

(f) If there are multiple alternative inputs then this process could be repeated many
times.

(g) If the alternatives were imperfect substitutes then thetransition from one input to
the other would be more gradual (but still potentially quiteabrupt).
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6. Labour supply and sustainable development

6.1. (a) Labourh is the same as 1− l (we are told this). And if the wage isw then con-
sumption iswh = w(1− l). And w is of course linked to productivityA.

(b) This is ‘status’, the ratio of own consumption to averageconsumption.
(c) The three arguments—consumption, status, and leisure—are poorly substitutable

for one another. If the price of one of them falls, we will spend less money on it
rather than more. This impliesε < 1.

(d) The inputci/c̄ is always equal to 1 in symmetric equilibrium. When productivity
is very low both consumption and leisure will be very how, henceci/c̄ is greater
than the other two. As productivity increases households prioritize the inputs in
short supply, i.e. consumption and leisure. They consume more, but also reduce
their labour hours.

(e) When productivity is high both consumption and leisure can grow without bound,
while the status term is locked at 1. Hence it falls below the others, and households
give it increasing attention, supplying more labour in a doomed attempt to raise
ci/c̄. Hence labour supply stops falling, and consumption continues to rise.

(f) A social planner would let labour supply approach zero asproductivity approached
infinity.

(g) Maybe we need policy instruments to help us chill out more, helping to solve the
consumption externality.

6.2. The externality could also affect patterns of consumption. We should tend to focus more
and more on goods that give status. But what goods give status? If it is energy-intensive
goods such as big houses, powerful cars, and international travel then we are in trouble.
But maybe this will change over time...

6.3. (a) If I work hard this pushes up ¯c for everyone else, lowering their utility. My status
rises, their’s falls.

(b) Because of the above, everyone works hard (sacrificing leisure) playing the zero-
sum status game. If they could all agree to chill out more theywould all be happier.

(c) The regulator could impose a tax on income (or consumption) to reduce labour
supply. See below for how to work out the level of the tax.

(d) The extended model (previous questions) is more relevant because here we see
that the strength of the status effects increases in a growing economy, causing
increasing problems. Potentially we can also explain consumption patterns with
this kind of model.

To solve for optimal policy, first take the tax as exogenous and work out how much each
household chooses to work. To do so, substitute into the utility function to yield

u =
[

li(1− τ)+ l̄τ
]α

(R− li)
1−α/c̄α2.

Take the first-order condition inli and solve to show that

li = αR− (1−α)l̄τ/(1− τ).

So when income tax is zeroli = αR: as labour income dominates the utility function (α
high) households devote more of their time to labour and lessto leisure.

Now assume a symmetric equilibrium such that average labourl̄ is equal to the labour
supplied by householdi, li. Inserting this into the above result we have

(a) li = l̄ =
αR

1+(1−α)τ/(1− τ)
.

Now the question for a regulator is, what level of taxτ maximizes utility for house-
holds? Economic theory tells us that if markets are perfect then the optimal tax should
be zero, henceli = αR. But if there is a consumption externality—i.e. ifα2 > 0—then
this no longer holds.

To solve the problem, we insert the expression forli as a function ofτ into the utility
function—noting that in symmetric equilibriumci = c̄ and (as already stated)li = l̄ —
to obtain

u =

[

αR
1+(1−α)τ/(1− τ)

]α1
[

R−
αR

1+(1−α)τ/(1− τ)

]1−α
.
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Simplify to obtain

u = R1−α2αα1ω−(1−α2)(ω −α)1−α ,

where ω = 1+(1−α)τ/(1− τ).

Take the first-order condition inω to solve for the optimalω , and then use the definition
of ω to solve for the optimal tax:

(b) τ =
α2

α1+α2
.

So, the stronger the weight of ‘conspicuous consumption’ inutility, the more labour
income should be taxed.

How big is the effect? Assuming conspicuous consumption hasequal weight to con-
sumption in utility then labour income should be taxed at 50 percent. The effect of the
tax is to reduce labour supply by a factorω . And if leisure has 50 percent weight in
utility (implying thatα = 0.5 so in laissez-faire the individuals would work 8 hours and
have 8 hours of leisure time, assuming that 8 hours are neededfor sleep) thenω = 1.5,
so labour supply is reduced by one third.
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